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Polynomial interpretations: first-order

Question: Does the following TRS terminate?

append(nil,ys) — ys
append(cons(z,xs),ys) — cons(x,append(zs,ys))
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Polynomial interpretations: first-order

Question: Does the following TRS terminate?

append(nil,ys) — ys
append(cons(z,xs),ys) — cons(x,append(zs,ys))

Answer: Yes, it does. Let:

[nil] = 1
[cons](s,t) = 1+ [s]+[¢]
[append](s,¢) = 2x[s]+[t]
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Polynomial interpretations: first-order

Question: Does the following TRS terminate?

append(nil, ys)
append(cons(z, x5),ys)
Answer: Yes, it does. Let:

[nil]
[cons](s,t)
[append] (s, t)

Then:

[append(nil,ys)]

[append(cons(z, xs),ys)]

—
—

|AVANI

vl

ys
cons(z, append (s, ys))

1
1+ [s] + [t]
2x[s] + [t

24 ys

ys

[vs]

2+ 2x+ 2xs+ys
1+2+422s+ys
[cons(x, append(zs, ys))]
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Polynomial interpretations: higher-order
Question: Does the following higher-order TRS terminate?

map(F,nil) — nil
map(F, cons(z,xs)) — cons(F - xz,map(F,xs))
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Polynomial interpretations: higher-order
Question: Does the following higher-order TRS terminate?

map(F,nil) — nil
map(F, cons(z,xs)) — cons(F - xz,map(F,xs))

Answer: Depends. Not terminating if:

nil : o
cons : (0—0)—0—o0
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Polynomial interpretations: higher-order
Question: Does the following higher-order TRS terminate?

map(F,nil) — nil
map(F, cons(z,xs)) — cons(F - xz,map(F,xs))

Answer: Depends. Not terminating if:

nil : o
cons : (0—0)—0—o0
map : ((0 —>0)—o0—0)—>0—o0

Let w := cons(Az : omap(Ay : 0 — 0.Az : 0.y x,),nil). Then:

map(Ay : 0 = 0.Az2 : 0.y w,w)
—  cons( (Ay.Az.y w) (Az : omap(Ay: 0 = o.Mz : 0.y z,x)) ,map(...))
—pg cons( Az :o.(Az:omap(Ay:0— 0.Az:0.y z,2)) w ,map(...))
—pg cons( Az :omap(Ay: 0 — 0. z:0.y w,w) ,map(...))
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Polynomial interpretations: higher-order
Question: Does the following higher-order TRS terminate?

map(F,nil) — nil
map(F', cons(x,xs)) — cons(F - x,map(F,xs))

Answer: Depends. It does terminate if:

nil : List
cons : Nat — List — List

map : (Nat — Nat) — List — List

Let:
[nil] = O
[cons(s,t)] = 1+ [s]+[¢]
[map(s,t)] = (2+[t]) = 1+ [s)([t]))
[st] = TsI([t]) + [¢] if s:Nat — Nat
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Polynomial interpretations: higher-order
Question: Does the following higher-order TRS terminate?

map(F,nil) — nil
map(F', cons(x,xs)) — cons(F - x,map(F,xs))

Answer: Depends. It does terminate if:

nil : List
cons : Nat — List — List

map : (Nat — Nat) — List — List
Let:

[nil] = O

[cons(s,t)] = 1+ [s]+[¢]
[map(s, )] = (2+ [t]) * (1 + [s[([¢]))
[st] = TsI([t]) + [¢] if s:Nat — Nat
Then:
[map(F,nil)] FO)+1
0 = [nil]

[map(F, cons(x, zs))] Q2+ FAl4+z+xs))*(24+x+xs)
1+ F(x)+ 2+ (24 xs)* (1 + F(xs))

[cons(F - x,map(F, xs))]

v v
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Polynomial interpretations: polymorphic higher-order

Question: Does the following polymorphic HO-TRS terminate?

map(F,nil) — nil
map(F', cons(x,xs)) — cons(F - x,map(F,xs))

nil : Va. List(a)
cons : Va. a — List(a) — List(w)
map VaB. (a— f) — List(a) — List(p)
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Polynomial interpretations: polymorphic higher-order

Question: Does the following polymorphic HO-TRS terminate?

map(F,nil) — nil
map(F', cons(x,xs)) — cons(F - x,map(F,xs))

nil : Va. List(a)
cons : Va. a — List(a) — List(w)
map VaB. (a— f) — List(a) — List(p)
Question: What about the following?

fold(F,a,nil) — a
fold(F,a,cons(x,xs)) — fold(F,F a x,xs)

fold : Vap. (B—a—f)— 5 —List(a) =S
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Shallow vs. Higher-rank polymorphism
Shallow polymorphism:

nil : Va. List(a)
cons : VYa. «a— List(a)— List(«)
fold : VaB. (B—a—f)—p —Llist(a) >

fold(F,a,nil) — a
fold(F,a,cons(z,zs)) — fold(F,F a x,xs)
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Shallow vs. Higher-rank polymorphism
Shallow polymorphism:

List : * =%
nil : Va. List(«a)
cons : Va. «a— List(a)— List(«)
fold : VaB. (B—a—f)—p —List(a) >

fold, ,(F,a,nil;) — «a
fold, ,(F,a,cons,(zr,zs)) — fold,,(F,F a z,xs)

Higher-rank polymorphism:

List *
nil List
cons : Va. o — List — List

fold : V8. (Vaf—-a—p)—F—Llist—=f

fold,(F,a,nil) — a
fold,(F,a,cons,(z,xs)) — fold,(F,F T a z,xs)
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Polymorphism

fold,(F,a,nil) — a
fold,(F,a,cons,(z,xs)) — fold,(F,F Tz a,xs)
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Polymorphism

fold,(F,a,nil) — a
fold,(F,a,cons,(z,xs)) — fold,(F,F Tz a,xs)

foldpist(cons,nil, cons,, (a1, cons,,(ag,nil)))
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Polymorphism

fold,(F,a,nil) — a
fold,(F,a,cons,(z,xs)) — fold,(F,F Tz a,xs)

foldpist(cons,nil, consy, (a1, cons,,(ag,nil))) —
foldpist(cons, consy, (a1,nil), cons,,(ag,nil))
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Polymorphism

fold,(F,a,nil) — a
fold,(F,a,cons,(z,xs)) — fold,(F,F Tz a,xs)

foldpist(cons,nil, consy, (a1, cons,,(ag,nil))) —
foldpist(cons, consy, (a1,nil), cons,,(ag,nil)) —
foldpist(cons, cons,,(ag, cons,, (a1,nil)),nil)
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Polymorphism

fold,(F,a,nil) — a
fold,(F,a,cons,(z,xs)) — fold,(F,F Tz a,xs)

foldpist(cons,nil, consy, (a1, cons,,(ag,nil))) —

foldpist(cons, consy, (a1,nil), cons,,(ag,nil)) —

foldpist(cons, consy,(ag, consy, (a1,nil)),nil) —
consy,(ag, consy, (ar,nil))
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Our goal: handle systems like this!
Polymorphic functional systems
- Function symbols have a type: Vai ...ap.01 = ... > 0 — T
- Terms are variables, abstractions, type abstractions and:
o (81,000, 88) t Tlag =T, .. ap t= Ty
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Our goal: handle systems like this!

Polymorphic functional systems

- Function symbols have a type: Vai ...ap.01 = ... > 0 — T

- Terms are variables, abstractions, type abstractions and:

o (81,000, 88) t Tlag =T, .. ap t= Ty
List *
nil List
cons Va. a — List — List
fold vi. Va.f = a— ) - 8 — List —» 8
Q Yavp. (a = B) = (a—p) =
tapp Va:x = x5, (Vv.avy) = af —
fold,(F,a,nil) — a
fold,(F,a,cons,(z,xs)) — fold,(F,F T a z,xs)
Q, (A :0.5.,t) — slz:=1] =
tappra.o,r(Aa.s) —  s[la:=7] —
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Polymorphic functional systems

- Function symbols have a type: Vai ...ap.01 = ... > 0 — T
- Terms are variables, abstractions, type abstractions and:

o (81,000, 88) t Tlag =T, .. ap t= Ty
List *
nil : List
cons : Vo o — List — List
fold : VgG. Va.f = a— ) - 8 — List —» 8
@ : Vavg. (= pB) = (a—P)
tapp : Va:x=xV8. (Vy.ay)—af
fold,(F,a,nil) — a
fold,(F,a, COIlS-,—(.T T@)) —
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Our goal: handle systems like this!

Polymorphic functional systems

- Function symbols have a type: Vai ...ap.01 = ... > 0 — T

- Terms are variables, abstractions, type abstractions and:

o (81,000, 88) t Tlag =T, .. ap t= Ty
List : *
nil : List
cons : Va. a — List — List
fold : VgG. Va.f = a— ) - 8 — List —» 8
@ : Vavg. (= pB) = (a—P)
tapp : Va:x=xV8. (Vy.ay)—af

fold,(F,a,nil) — a
fold,(F,a,cons,(z,zs)) —
fold, (F7 @T,O' (@U,T—NT (tapp)\a.oﬁa%o,T(F)y (J,), -77)7 .778)
Q, (A :0.5.,t) — slz:=1]
tappra.o,r(Aa.s) —  s[la:=7]

- Note: not meant as a formalism of interest by itself, but
only as a tool to analyse polymorphic systems.



Monomorphic higher-order algebras [Pol96]

Idea:
- Choose a set A with well-founded ordering .
- Define:

- WM, = Aif k is a base type
WMoy = {f € WMs = WM, | f is weakly monotonic}.

- Terms of type o are mapped to WM.

Natural choice: natural numbers
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Monomorphic higher-order algebras [Pol96]

map(F,nil) — nil
map(F', cons(x,xs)) — cons(F - x,map(F,xs))

nil : List
cons : Nat — List — List
map : (Nat — Nat) — List — List

Interpretation to N:
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Monomorphic higher-order algebras [Pol96]

map(F,nil) — nil
map(F', cons(x,xs)) — cons(F - x,map(F,xs))

nil : List
cons : Nat — List — List
map : (Nat — Nat) — List — List

Interpretation to N:
- WMListe = WMyar = N
- WMyat—nat = {weakly monotonic functions from N to N}

- WMyat—rist—rist = {weakly monotonic functions from N x N to
N}

- WM (nat—nat)—List—List = {weakly monotonic functionals from
WMNat—)Nat X N to N}

10 /24



Monomorphic higher-order polynomial interpretations
|FuhKop12]

Interpretation:
[nil] = 0
[cons(s,t)] = 1+ [s]+ [¢]
[map(s, )] = (2+ [t]) * (1 + [s[([¢]))
[st] = T[sI([t]) + [¢] if s:Nat — Nat
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Monomorphic higher-order polynomial interpretations
|FuhKop12]

Interpretation:
[nil] = 0
[cons(s,t)] = 1+ [s]+[¢]
[map(s, )] = (2+ [t]) * (1 + [s[([¢]))
[st] = T[sI([t]) + [¢] if s:Nat — Nat
Put differently:
[nil] = O
[cons] = Azy.l+z+y
[map] = Afz.(2+ ) (1+ f(z))
[[@Nat,Nat]] = )\fl’f(fﬂ) +x
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Polymorphic higher-order interpretations (our work)

- Problem: set-theoretic interpretation fails.
(How to interpret Aa.\z : a.x?)
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Polymorphic higher-order interpretations (our work)

- Problem: set-theoretic interpretation fails.
(How to interpret Aa.\z : a.x?)

- Alternative: use polynomial interpretations to a set of terms, not

functions!
Example:
nil : Va. List(w)
cons : Va. a — List(a) — List(w)

map : VafB. (a— 8)— List(a) — List(8)

[List(a)] = «
[nil] = Ac. lift,(0)
[cons] = Aadzy. 1lift,(1)®zdy
[map] = AafAfz. (liftg(2) ® liftg(flatteny(z)))

® (Lifts(1) @ f(x))

12 /24



Overview

Step 1. Define a set Z of interpretation terms.

Step 2. Define an ordering relation > on the set Z.

Step 3. Systematically map terms s to interpretation terms [s].
Step 4. Prove that if s —% ¢ then [s] > [t].

13 /24



A set of interpretation terms

An extension of system F,,
One type constant nat.
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A set of interpretation terms
An extension of system F,,
One type constant nat.
Terms: variables, abstractions, type (constructor) abstractions,
natural number constants, and function symbols:
- @ Yaa—a—a
N@pat M ~ N+m
S@rrt ~ Ax:o(s-z)D, (t-x)
$Bvaoct ~ Aa.(s*xa)®, (txa)

14 /24



Aa.x B,y
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Aa.x B,y

Az @uy)T~> Dy
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A set of interpretation terms

An extension of system F,,
One type constant nat.

Terms: variables, abstractions, type (constructor) abstractions,
natural number constants, and function symbols:
- @ Yaa—a—a

N@pat M ~ N+m
S@rrt ~ Ax:o(s-z)D, (t-x)
$Bvaot ~ Aa(sxa)®, (t*a)

- ®:Va.a—a—«a
- flatten : V.o — nat
flattenyae s ~ 8
flatten, ,, s ~» flatten, - (s-(lift, -0))
flattenya.o - s ~» flatten,|q.—nat - (5 * nat)

- lift : Va.nat — «
liftpar s ~ s
lifty, ;-8 ~ Ax:o0.lift;-s
liftyaos s ~ Aalift,-s
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A set of interpretation terms

An extension of system F,,

Theorem
The reduction relation ~ is terminating.
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A set of interpretation terms

An extension of system F,,

Theorem
The reduction relation ~ is terminating.

Corollary

All closed normal interpretation terms of type nat are natural
numbers.

15/ 24



The well-founded order

The relation s >, t is defined coinductively by:
sy >tlin N
S >nat L

s-q=,t-qforallqge T}

S§=gort

S* T =nty(ola:=r]) t* 7 for all closed 7 € Ty

S >'V(o¢:/-c).a t
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The well-founded order

Example derivation

((5 ® Liftnaemat(1))u)d > (su)l for any u € 7/,
(s ® liftpat—nat (1))t >pay su for any u € I,{at

S @ 1iftnat—>nat(1) >'nart:—)nat S
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The well-founded order

Example derivation

((5 ® Liftnaemat(1))u)d > (su)l for any u € 7/,
(s ® liftpat—nat (1))t >pay su for any u € I,{at

S @ 1iftnat—>nat(1) >’nat—>na1: S

((s @ Liftpat—nat(1))u)d > (su)d holds because

(5 ® Liftnar snat (1))u~"T su @ liftaar snar(Du~T sud 1
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The well-founded order

Infinite derivations

In any derivation of s >vq.o t there is an infinite branch.

sk Va.a x Va.a =vya.q t* Va.a x Va.a

s xVo.a =va.o t* Va.a
S >va.a t

18 /24



How to interpret terms?
Type and function symbol mapping

First idea:

TM(List)
J(nil)

J (cons)
J(foldl)
J(@)

)

J (tapp

V.Va.f = a—B)—= B — 0

ABAf :Va.f —a— BAx: B
Aa.\h.AE. ABAf Az tBf(fazh) ® 1liftg(l)
ABAf Az AL Iffr @ liftg(l)
AafAf o x.  fx
AAa Az,  z0
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[nil][o][F]la] ® 1iftp,3(1) =" [a]

19 /24



How to interpret terms?
Type and function symbol mapping

First idea:

TM(List)
J(nil)

J (cons)
J(foldl)
J(@)

J (tapp)

V.Va.f = a—B)—= B — 0

ABAf :Va.f —a— BAx: B
Aa.\h.AE. ABAf Az tBf(fazh) ® 1liftg(l)
ABAf Az AL Iffr @ liftg(l)
AafAf o x.  fx
AAa Az,  z0

Girard, “Proofs and Types”, Chapter 11

2

[[a]] ©® lift[[aﬂ(l) - [a]}
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ABAf Az AL Iffr @ liftg(l)
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AAa Az,  z0

Girard, “Proofs and Types”, Chapter 11

[fold,(F, a,cons,(z,xs))] >

[a] ® lift[[a]](l) - [a]

2

[[f01da (Fa @‘r,a (@a',‘rﬂo' (tapp)\a.a'%aﬁa',‘r (F), a), .’[), Z'S)]]
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How to interpret terms?
Type and function symbol mapping

First idea:

TM(List)
J(nil)

J (cons)
J(foldl)
J(@)

)

J (tapp

V.Va.f = a—B)—= B — 0

Aa. AR AL,

ABNfATAL

AafAf. ) x.
AAa.AB.Ax.

ABAf :Va.f —a— BAx: B
ABAf Az tBf(faxh) @ 1ifta(1)
IBfx®1liftp(l)

fx

zf

Girard, “Proofs and Types”, Chapter 11

[a] @ lift[[a]](l) >? [a]
[cons.(z,xs)]|[o][F][a] © 1iftpp(1) >
[[f01da (Fa @‘r,a (@O’,T*)U' (tapp)\a.a'%aﬁa',‘r (F), a), .’[), Z'S)]]
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J(@) = AaBAfArx. fx
J(tapp) = AAaABIz. zf

Failure: this mapping is not monotonic!
[foldl,(Az.s,t,nil)] = [fold,(Az.w,t,nil)] regardless of s and w.

So if foldl,(Ax.s1,t,0nil) — foldl,(Az.s2,t,nil) — ...
we do not have an infinite decrease in .
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How to interpret terms?
Type and function symbol mapping

Second idea:
TM(List)
J(nil)
J (cons)

J(fo1d1)

J(@)
J (tapp)

VB.Va.f - a—pB)— =0

Aa.Ah.At.

ABNfATAL

Aa.ABf )z,
Aa. A x.

ABAf:Vaf—a— pfIr: B
ABAf Az tBf(fazh
@ liftg(flatteng(x)
flatten,(h))
@ liftg(flatteng(fazh) &
flatten,(h) ® 1)
[Bfx @ liftg(flattenyy g—aop(f) ®
flatteng(z) & 1)
fzr @ liftg(flatten,(x))
zf

<
)

21 /24



How to interpret terms?

Type and function symbol mapping
Second idea:

TM(List) = VB8.(Vaf—a—8)—=F—p
J(nil) = ABAf:Vaf—a— pfIr: B
J(cons) = Aa.lh.At. ABAf Az tBf(faxh
@ liftg(flatteng(x) &
flatten,(h)))
@ liftg(flatteng(fazh) &
flatten,(h) ® 1)
J(foldl) = ABAfAz M. IBfr®liftg(flatteny, s s(f) @
flatteng(z) & 1)
J(@) = AaABAfAzr. fz@liftg(flatten,y(z))
J(tapp) = Aa.ASBAz. xf

This works!
[fold,(F,a,nil)] > [q]
[fold, (F,a,cons (x,xs))] >
[foldy (F, @ 5 (Qs r—o(tapPra.c—a—o,r(F), ), z), 5)]
[Qp (Az:0s,t)] = [s[z:=t]
[tapprc.o.r(Aa.s)] = [s[a:=7]]
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Larger applications

IPC2

The system IPC2 can be seen as a PFS with type constructors:

ST ={ L:x

or:*x =+ =%, and:x = *x =%, J:(x = %) = x}

and function symbols:

@
tapp
pair
case

let
ext

pr
pr
in

N N =MW

in

VavVB.(a = ) > a—

Va i x = xV8.(VB[af]) — af

VaVfB.ao —  — anda 3

YaVfBVy.oralf — (a—=7) = (8—7) =~
Vo x =+ V5.(3(a)) = (Vy.ay = ) = B
Va: x = xVp.af — I(a)

Va.l — «

VaVf.anda f — «

VaVf.anda f —

YaVfp.a — ora f

YavB.5 — oraf
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Larger applications
IPC2

The system ICP2 has 28 reduction rules,

Qu - (Az.5,1)

tappy, 0, (Aas)

let, ,(ext, - (s), Aaz. t)

Pry s - (pair, (s,1))

( ), Az.5, Ay. t)
,T(Palr +(s,1))
( 1)
@UT(EU—H’( ), 1)
1 1))

=
>
8
CIJ
>
&
o

€,(caseq r,

LELELLTTL

including:
slx =1
s[a =]

slz =]
t
t[z = u]

€-(s)

caseq 7 (U, Ax.€,(8), Ay.€,(t))

case, r ¢(Caseq ror pr(U, AT.5, Ay.t), A2.0, Aa.w) —>
caseq (U, Az.case, r ¢(s, A\2.v, Aa.w), Ay.case, » ¢(t, \z.v, Aa.w))
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,T(Palr +(s,1))
( 1)
@UT(EU—W( ), 1)
1 1))

=
>
8
CIJ
>
&
o

€,(caseq r,

LELELLTTL

including:
slx =1
sla = 7]
tla = 7][z := ]
t
t[z = u]

€-(s)

caseq 7 (U, Ax.€,(8), Ay.€,(t))

case, r ¢(Caseq ror pr(U, AT.5, Ay.t), A2.0, Aa.w) —>
caseq (U, Az.case, r ¢(s, A\2.v, Aa.w), Ay.case, » ¢(t, \z.v, Aa.w))

Most of this system can be handled by our method. Problem:

lety p(lety, 3y (s, Aoz : pat),

u) — lety ,(s, Aa. Az : pa.lety ,(t, u))
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Conclusions and future work

A powerful and systematic methodology to prove termination of
higher-order rewriting with full impredicative polymorphism.

Future work:
- automation
- handle the remaining rules of IPC2

- extend other techniques for higher-order termination: orderings,
dependency pairs
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