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Polynomial interpretations: first-order
Question: Does the following TRS terminate?

append(nil, ys) −→ ys
append(cons(x, xs), ys) −→ cons(x, append(xs, ys))

Answer: Yes, it does. Let:

JnilK = 1
JconsK(s, t) = 1 + JsK + JtK

JappendK(s, t) = 2 ∗ JsK + JtK

Then:

Jappend(nil, ys)K = 2 + ys
> ys
= JysK

Jappend(cons(x, xs), ys)K = 2 + 2x+ 2xs+ ys
> 1 + x+ 2xs+ ys
= Jcons(x, append(xs, ys))K
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Polynomial interpretations: higher-order
Question: Does the following higher-order TRS terminate?

map(F , nil) −→ nil

map(F , cons(x, xs)) −→ cons(F · x, map(F , xs))

Answer: Depends. Not terminating if:

nil : o

cons : (o→ o)→ o→ o

map : ((o→ o)→ o→ o)→ o→ o

Let ω := cons(λx : o.map(λy : o→ o.λz : o.y x, x), nil). Then:

map(λy : o→ o.λz : o.y ω, ω)
−→ cons( (λy.λz.y ω) (λx : o.map(λy : o→ o.λz : o.y x, x)) , map(. . . ))
−→β cons( λz : o.(λx : o.map(λy : o→ o.λz : o.y x, x)) ω , map(. . . ))
−→β cons( λz : o.map(λy : o→ o.λz : o.y ω, ω) , map(. . . ))
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Polynomial interpretations: polymorphic higher-order

Question: Does the following polymorphic HO-TRS terminate?

map(F , nil) −→ nil

map(F , cons(x, xs)) −→ cons(F · x, map(F , xs))

nil : ∀α. List(α)
cons : ∀α. α→ List(α)→ List(α)
map : ∀αβ. (α→ β)→ List(α)→ List(β)

Question: What about the following?

fold(F , a, nil) −→ a
fold(F , a, cons(x, xs)) −→ fold(F , F a x, xs)

fold : ∀αβ. (β → α→ β)→ β → List(α)→ β
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Shallow vs. Higher-rank polymorphism
Shallow polymorphism:

List : ∗ ⇒ ∗ ⇐=

nil : ∀α. List(α)
cons : ∀α. α→ List(α)→ List(α)
fold : ∀αβ. (β → α→ β)→ β → List(α)→ β

fold(F , a, nil) −→ a

⇐=

fold(F , a, cons(x, xs)) −→ fold(F , F a x, xs)

⇐=

Higher-rank polymorphism:

List : ∗
nil : List

cons : ∀α. α→ List→ List

fold : ∀β. (∀α.β → α→ β)→ β → List→ β

foldσ(F , a, nil) −→ a

⇐=

foldσ(F , a, consτ (x, xs)) −→ foldσ(F , F τ a x, xs)
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Polymorphism

foldσ(F , a, nil) −→ a
foldσ(F , a, consτ (x, xs)) −→ foldσ(F , F τ x a, xs)

foldList(cons, nil, consτ1(a1, consτ2(a2, nil))) −→
foldList(cons, consτ1(a1, nil), consτ2(a2, nil)) −→
foldList(cons, consτ2(a2, consτ1(a1, nil)), nil) −→

consτ2(a2, consτ1(a1, nil))
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Our goal: handle systems like this!
Polymorphic functional systems

· Function symbols have a type: ∀α1 . . . αn.σ1 → . . .→ σk → τ

· Terms are variables, abstractions, type abstractions and:
fπ1,...,πn(s1, . . . , sk) : τ [α1 := π1, . . . , αn := πn].

List : ∗
nil : List

cons : ∀α. α→ List→ List

fold : ∀β. (∀α.β → α→ β)→ β → List→ β

@ : ∀α∀β. (α→ β)→ (α→ β) ⇐=
tapp : ∀α : ∗ ⇒ ∗.∀β. (∀γ.αγ)→ αβ ⇐=

foldσ(F , a, nil) −→ a
foldσ(F , a, consτ (x, xs)) −→ foldσ(F , F τ a x, xs)

foldσ(F ,@τ,σ(@σ,τ→σ(tappλα.σ→α→σ,τ (F ), a), x), xs)
@σ,τ (λx : σ.s., t) −→ s[x := t] ⇐=
tappλα.σ,τ (Λα.s) −→ s[α := τ ] ⇐=

· Note: not meant as a formalism of interest by itself, but
only as a tool to analyse polymorphic systems.

8 / 24



Our goal: handle systems like this!
Polymorphic functional systems

· Function symbols have a type: ∀α1 . . . αn.σ1 → . . .→ σk → τ

· Terms are variables, abstractions, type abstractions and:
fπ1,...,πn(s1, . . . , sk) : τ [α1 := π1, . . . , αn := πn].

List : ∗
nil : List

cons : ∀α. α→ List→ List

fold : ∀β. (∀α.β → α→ β)→ β → List→ β

@ : ∀α∀β. (α→ β)→ (α→ β) ⇐=
tapp : ∀α : ∗ ⇒ ∗.∀β. (∀γ.αγ)→ αβ ⇐=

foldσ(F , a, nil) −→ a
foldσ(F , a, consτ (x, xs)) −→ foldσ(F , F τ a x, xs)

foldσ(F ,@τ,σ(@σ,τ→σ(tappλα.σ→α→σ,τ (F ), a), x), xs)
@σ,τ (λx : σ.s., t) −→ s[x := t] ⇐=
tappλα.σ,τ (Λα.s) −→ s[α := τ ] ⇐=

· Note: not meant as a formalism of interest by itself, but
only as a tool to analyse polymorphic systems.

8 / 24



Our goal: handle systems like this!
Polymorphic functional systems

· Function symbols have a type: ∀α1 . . . αn.σ1 → . . .→ σk → τ

· Terms are variables, abstractions, type abstractions and:
fπ1,...,πn(s1, . . . , sk) : τ [α1 := π1, . . . , αn := πn].

List : ∗
nil : List

cons : ∀α. α→ List→ List

fold : ∀β. (∀α.β → α→ β)→ β → List→ β
@ : ∀α∀β. (α→ β)→ (α→ β) ⇐=

tapp : ∀α : ∗ ⇒ ∗.∀β. (∀γ.αγ)→ αβ ⇐=

foldσ(F , a, nil) −→ a
foldσ(F , a, consτ (x, xs)) −→ foldσ(F , F τ a x, xs)

foldσ(F ,@τ,σ(@σ,τ→σ(tappλα.σ→α→σ,τ (F ), a), x), xs)

@σ,τ (λx : σ.s., t) −→ s[x := t] ⇐=
tappλα.σ,τ (Λα.s) −→ s[α := τ ] ⇐=

· Note: not meant as a formalism of interest by itself, but
only as a tool to analyse polymorphic systems.

8 / 24



Our goal: handle systems like this!
Polymorphic functional systems

· Function symbols have a type: ∀α1 . . . αn.σ1 → . . .→ σk → τ

· Terms are variables, abstractions, type abstractions and:
fπ1,...,πn(s1, . . . , sk) : τ [α1 := π1, . . . , αn := πn].

List : ∗
nil : List

cons : ∀α. α→ List→ List

fold : ∀β. (∀α.β → α→ β)→ β → List→ β
@ : ∀α∀β. (α→ β)→ (α→ β)

⇐=

tapp : ∀α : ∗ ⇒ ∗.∀β. (∀γ.αγ)→ αβ

⇐=

foldσ(F , a, nil) −→ a
foldσ(F , a, consτ (x, xs)) −→

foldσ(F , F τ a x, xs)

foldσ(F ,@τ,σ(@σ,τ→σ(tappλα.σ→α→σ,τ (F ), a), x), xs)
@σ,τ (λx : σ.s., t) −→ s[x := t]

⇐=

tappλα.σ,τ (Λα.s) −→ s[α := τ ]

⇐=

· Note: not meant as a formalism of interest by itself, but
only as a tool to analyse polymorphic systems.

8 / 24



Our goal: handle systems like this!
Polymorphic functional systems

· Function symbols have a type: ∀α1 . . . αn.σ1 → . . .→ σk → τ

· Terms are variables, abstractions, type abstractions and:
fπ1,...,πn(s1, . . . , sk) : τ [α1 := π1, . . . , αn := πn].

List : ∗
nil : List

cons : ∀α. α→ List→ List

fold : ∀β. (∀α.β → α→ β)→ β → List→ β
@ : ∀α∀β. (α→ β)→ (α→ β)

⇐=

tapp : ∀α : ∗ ⇒ ∗.∀β. (∀γ.αγ)→ αβ

⇐=

foldσ(F , a, nil) −→ a
foldσ(F , a, consτ (x, xs)) −→

foldσ(F , F τ a x, xs)

foldσ(F ,@τ,σ(@σ,τ→σ(tappλα.σ→α→σ,τ (F ), a), x), xs)
@σ,τ (λx : σ.s., t) −→ s[x := t]

⇐=

tappλα.σ,τ (Λα.s) −→ s[α := τ ]

⇐=

· Note: not meant as a formalism of interest by itself, but
only as a tool to analyse polymorphic systems.

8 / 24



Monomorphic higher-order algebras [Pol96]

Idea:
· Choose a set A with well-founded ordering �.
· Define:

· WMκ = A if κ is a base type
· WMσ→τ = {f ∈ WMσ =⇒WMτ | f is weakly monotonic}.

· Terms of type σ are mapped to WMΣ.

Natural choice: natural numbers
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Monomorphic higher-order algebras [Pol96]

map(F , nil) −→ nil

map(F , cons(x, xs)) −→ cons(F · x, map(F , xs))

nil : List

cons : Nat→ List→ List

map : (Nat→ Nat)→ List→ List

Interpretation to N:

· WMList =WMNat = N
· WMNat→Nat = {weakly monotonic functions from N to N}
· WMNat→List→List = {weakly monotonic functions from N× N to
N}
· WM(Nat→Nat)→List→List = {weakly monotonic functionals from
WMNat→Nat × N to N}
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Monomorphic higher-order polynomial interpretations
[FuhKop12]

Interpretation:

JnilK = 0
Jcons(s, t)K = 1 + JsK + JtK
Jmap(s, t)K = (2 + JtK) ∗ (1 + JsK(JtK))

Js tK = JsK(JtK) + JtK if s : Nat→ Nat

Put differently:

JnilK = 0
JconsK = λxy.1 + x+ y
JmapK = λfx.(2 + x) ∗ (1 + f(x))
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Polymorphic higher-order interpretations (our work)

· Problem: set-theoretic interpretation fails.
(How to interpret Λα.λx : α.x?)

· Alternative: use polynomial interpretations to a set of terms, not
functions!

Example:

nil : ∀α. List(α)
cons : ∀α. α→ List(α)→ List(α)
map : ∀αβ. (α→ β)→ List(α)→ List(β)

JList(α)K = α
JnilK = Λα. liftα(0)

JconsK = Λα.λxy. liftα(1)⊕ x⊕ y
JmapK = Λαβ.λfx. (liftβ(2)⊕ liftβ(flattenα(x)))

⊗ (liftβ(1)⊕ f(x))
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Overview

Step 1. Define a set I of interpretation terms.
Step 2. Define an ordering relation � on the set I.
Step 3. Systematically map terms s to interpretation terms JsK.
Step 4. Prove that if s −→R t then JsK � JtK.

13 / 24



A set of interpretation terms
An extension of system Fω

One type constant nat.

Terms: variables, abstractions, type (constructor) abstractions,
natural number constants, and function symbols:
· ⊕ : ∀α.α→ α→ α

n⊕nat m ; n+m
s⊕σ→τ t ; λx : σ.(s · x)⊕τ (t · x)
s⊕∀α.σ t ; Λα.(s ∗ α)⊕σ (t ∗ α)

· ⊗ : ∀α.α→ α→ α
· flatten : ∀α.α→ nat

flattennat · s ; s
flattenσ→τ · s ; flattenτ · (s · (liftσ · 0))
flatten∀α.σ · s ; flattenσ[α:=nat] · (s ∗ nat)

· lift : ∀α.nat→ α

liftnat · s ; s
liftσ→τ · s ; λx : σ.liftτ · s
lift∀α.σ · s ; Λα.liftσ · s
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Λα.x⊕α y

(Λα.x⊕α y)τ ; x⊕τ y
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Λα.x⊕α y

(Λα.x⊕α y)τ ; x⊕τ y
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A set of interpretation terms
An extension of system Fω

Theorem
The reduction relation ; is terminating.

Corollary
All closed normal interpretation terms of type nat are natural
numbers.
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The well-founded order

The relation s �σ t is defined coinductively by:

s↓ > t↓ in N
s �nat t

s · q �τ t · q for all q ∈ Ifσ
s �σ→τ t

s ∗ τ �nfβ(σ[α:=τ ]) t ∗ τ for all closed τ ∈ Tκ
s �∀(α:κ).σ t

16 / 24



The well-founded order
Example derivation

((s⊕ liftnat→nat(1))u)↓ > (su)↓ for any u ∈ Ifnat
(s⊕ liftnat→nat(1))u �nat su for any u ∈ Ifnat

s⊕ liftnat→nat(1) �nat→nat s

((s⊕ liftnat→nat(1))u)↓ > (su)↓ holds because

(s⊕ liftnat→nat(1))u;+ su⊕ liftnat→nat(1)u;+ su⊕ 1

17 / 24



The well-founded order
Example derivation

((s⊕ liftnat→nat(1))u)↓ > (su)↓ for any u ∈ Ifnat
(s⊕ liftnat→nat(1))u �nat su for any u ∈ Ifnat

s⊕ liftnat→nat(1) �nat→nat s

((s⊕ liftnat→nat(1))u)↓ > (su)↓ holds because

(s⊕ liftnat→nat(1))u;+ su⊕ liftnat→nat(1)u;+ su⊕ 1

17 / 24



The well-founded order
Infinite derivations

In any derivation of s �∀α.α t there is an infinite branch.

...
s ∗ ∀α.α ∗ ∀α.α �∀α.α t ∗ ∀α.α ∗ ∀α.α . . .

s ∗ ∀α.α �∀α.α t ∗ ∀α.α . . .

s �∀α.α t
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How to interpret terms?
Type and function symbol mapping

First idea:

TM(List) = ∀β.(∀α.β → α→ β)→ β → β
J (nil) = Λβ.λf : ∀α.β → α→ β.λx : β.x
J (cons) = Λα.λh.λt. Λβ.λf.λx.tβf(fαxh)⊕ liftβ(1)
J (foldl) = Λβ.λf.λx.λl. lβfx⊕ liftβ(1)
J (@) = Λαβ.λf.λx. fx

J (tapp) = ΛΛα.Λβ.λx. xβ

Girard, “Proofs and Types”, Chapter 11

Jfoldσ(F, a, nil)K �? JaK

�?

Jfoldσ(F,@τ,σ(@σ,τ→σ(tappλα.σ→α→σ,τ (F ), a), x), xs)K
�? Js[x := t]K
�? Js[α := τ ]K
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How to interpret terms?
Type and function symbol mapping

Second idea:
TM(List) = ∀β.(∀α.β → α→ β)→ β → β
J (nil) = Λβ.λf : ∀α.β → α→ β.λx : β.x
J (cons) = Λα.λh.λt. Λβ.λf.λx.tβf(fαxh

⊕ liftβ(flattenβ(x) ⊕
flattenα(h)))

⊕ liftβ(flattenβ(fαxh) ⊕
flattenα(h)⊕ 1)

J (foldl) = Λβ.λf.λx.λl. lβfx⊕ liftβ(flatten∀α.β→α→β(f) ⊕
flattenβ(x)⊕ 1)

J (@) = Λα.Λβ.λf.λx. fx⊕ liftβ(flattenα(x))
J (tapp) = Λα.Λβ.λx. xβ

This works!
Jfoldσ(F, a, nil)K � JaK

Jfoldσ(F, a, consτ (x, xs))K �
Jfoldσ(F,@τ,σ(@σ,τ→σ(tappλα.σ→α→σ,τ (F ), a), x), xs)K

J@σ,τ (λx : σ.s., t)K � Js[x := t]K
Jtappλα.σ,τ (Λα.s)K � Js[α := τ ]K
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Larger applications
IPC2

The system IPC2 can be seen as a PFS with type constructors:

ΣTκ = { ⊥ : ∗, or : ∗ ⇒ ∗ ⇒ ∗, and : ∗ ⇒ ∗ ⇒ ∗, ∃ : (∗ ⇒ ∗)⇒ ∗}

and function symbols:

@ : ∀α∀β.(α→ β)→ α→ β
tapp : ∀α : ∗ ⇒ ∗.∀β.(∀β[αβ])→ αβ
pair : ∀α∀β.α→ β → andαβ
case : ∀α∀β∀γ.orαβ → (α→ γ)→ (β → γ)→ γ
let : ∀α : ∗ ⇒ ∗.∀β.(∃(α))→ (∀γ.αγ → β)→ β
ext : ∀α : ∗ ⇒ ∗.∀β.αβ → ∃(α)
ε : ∀α.⊥ → α

pr1 : ∀α∀β.andαβ → α
pr2 : ∀α∀β.andαβ → β
in1 : ∀α∀β.α→ orαβ
in2 : ∀α∀β.β → orαβ
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Larger applications
IPC2

The system ICP2 has 28 reduction rules, including:

@σ,τ (λx.s, t) −→ s[x := t]
tappλα.σ,τ (Λα.s) −→ s[α := τ ]

letϕ,ρ(extϕ,τ (s),Λα.λx.t) −→ t[α := τ ][x := s]
pr1
σ,τ (pairσ,τ (s, t)) −→ s

caseσ,τ,ρ(in
1
σ,τ (u), λx.s, λy.t) −→ s[x := u]

pr2
σ,τ (pairσ,τ (s, t)) −→ t

caseσ,τ,ρ(in
2
σ,τ (u), λx.s, λy.t) −→ t[x := u]
@σ,τ (εσ→τ (s), t) −→ ετ (s)

ερ(caseσ,τ,⊥(u, λx.s, λy.t)) −→ caseσ,τ,ρ(u, λx.ερ(s), λy.ερ(t))

caseρ,π,ξ(caseσ,τ,or ρ π(u, λx.s, λy.t), λz.v, λa.w) −→
caseσ,τ,ξ(u, λx.caseρ,π,ξ(s, λz.v, λa.w), λy.caseρ,π,ξ(t, λz.v, λa.w))

Most of this system can be handled by our method. Problem:

letψ,ρ(letϕ,∃ψ(s,Λα.λx : ϕα.t), u) −→ letϕ,ρ(s,Λα.λx : ϕα.letψ,ρ(t, u))
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Conclusions and future work

A powerful and systematic methodology to prove termination of
higher-order rewriting with full impredicative polymorphism.

Future work:
· automation
· handle the remaining rules of IPC2
· extend other techniques for higher-order termination: orderings,
dependency pairs
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