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> A certain approach to logic.
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The general idea

Reduce systems of logic to a certain “simple” form.

» Syntax: only a single binary application operation plus some
constants.

> Inference rules: “simple”, not involving “complex” notions like
substitution.
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Naive combinatory logic

A simple (inconsistent) system — rules
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+ usual rules for equality.
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Abstraction Ax.X with the property
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is definable using combinators.

It follows that for every term X with x free there exists a term M
such that = M = X[M/x].
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Naive combinatory logic

Curry's paradox

For an arbitrary given term Y/, there is X such that
FX=(XDY).

Using = X = (X DY) one shows i~ Y.
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Induction

For natural numbers

Induction principle applicable to untyped terms.

M=X0 TI,x:Nat,XxF X(sx) x¢ FV(I,X)
I Vx: Nat. Xx

The following would be less useful:

Vf : Nat — Prop. ((fO A (Vx : Nat. fx D f(sx))) D Vx : Nat. fx)
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HTypeS”

Notational conventions

> X = Y =MVx: X (fx:Y),
(x: X) = Y(x) = M.Vx: X.(fx: Y(x)),
Y(x: X)Y(x) = Ap.(mp: X) A (m2p: Y(71p)),

v

v



HTypeS”

Postulated formation rules

N=X:Type [,x:XFY:Type x¢FV(T,X,Y)
M= (X —=Y): Type

NEX:Type [,x:XEY(x): Type x¢FV(r,X,Y)

M ((x:X)—= Y(x)): Type

N X:Type T,x:XFEY(x): Type x¢FV(F,X,Y)

M= (Z(x: X)Y(x)) : Type



HTypeS”

Derived rules

Mx: XFZ:Y TEX:Type x¢fFV(,X,Y)

MF(AW.2): X—>Y

TEFF:X=2Y THZ: X
r-FzZ:Y




HTypeS”

Derived rules

Mx:XEZ:Y(x) TEX:Type x¢FV(,X,Y)

N (Ax.2) : (x: X) = Y(x)

FrMN-F:(x:X)=Y(x) TFZ:X
r-FzZ:YZ




HTypeS”

Recursion

Using the induction principle(s) one may show that simply-typable
(dependently-typable, ...?7) terms extented with well-founded
recursion are still “typable” in our system.



HTypeS”

Reflection

- Vx,y : TermCode . checktype(x, y) D (eval(x) : eval(y))



Slogan

Type checking/inference algorithms as proof tactics.



Some loose connections

» NuPRL.
» PX: A computational logic.

» Smith, “An interpretation of Martin-Lof's type theory in a
type-free theory of propositions”, JSL, 49, 1984.

» Bunder, Dekkers, "Pure Type Systems with More Liberal
Rules”, JSL, 66, 2001.

> Logical frameworks.



Technical results

1. Conservativity of a classical higher-order illative system over
standard semantics for higher-order logic.

2. Consistency of classical higher-order illative systems with
dependent types, predicate subtypes, W-types, and:

» Non-constructive choice.
» Conditional (branching on truth-values).
» Extensionality for W-types.



Technical results

Model construction

A model is a tuple (C,T,F,L,v,v,...) where :
1eF,

TNF=0.
via-beTiffacTorbeT,
v-a-be Fiffae Fand be F,

v-a-be T iff Type-a € T and for every c € C with a-c €C
we have b-c €C,

v-a-be Fiff Type-a e T and there exists ¢ € C with
a-ceT and b-c e F,

7. if Type-a€ T and Type-b € T, then Type-(—-a-b) €T,

o L=

o
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Technical results

Model construction

We construct a term model parameterised by a standard model N/
for higher-order logic.

N={D,;|re T}

Types of higher-order logic:
T = o|| T =T
For a type 7 € .7 and an ordinal o we define the representation

relations =% € T x T, the contraction relation - € T x T, and
the relation =% € T x .7 inductively.



Technical results

Model construction

(B) (Ax.X)Y = X[x/Y],
(7) X = bif f € Dpy_yrp, a€ Dy, b€ Dyy, FV(a) = b and
X ~5%a,
(Fr) X=2dift =71 — m, d € Dy, and for every a € D, we
have Xa ~5° aN(a),
(V1) XVY =2 Tif X=5%TorY =5*T,
(V1) XVY =2 Lif X =5% Land Y =5 1,

(V1) VXY =2 T if X =5% 7 and for every d € D; we have
Yd S0 T,

(V1) VXY =2 Lif X =5 7 and there exists d € D, with
Yd ~5 L,

(Fy) X — Y>ay =1 if X >_}a 71 and Y>—}a T2,
> ..



Technical results
Difficulty

Elements of type Prop — 7, (a« — Prop) — 7, etc. for
T # Prop.



